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The Mordell-Schinzel program over Z

For any nonconstant G € Z[x, y], there are infinitely many integer solutions (x, y, z) to

xyz = G(x,y).

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25 6/32



Section 1.of 4
The Mordell-Schinzel program over Z

For any nonconstant G € Z[x, y], there are infinitely many integer solutions (x, y, z) to

xyz = G(x,y).

There are finitely many integer solutions (x, y, z) to

xyz=x>tx+y>+y—1.

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

6/32



Section 1.of 4
The Mordell-Schinzel program over Z

“ "

For any nonconstant G € Z[x, y], there are infinitely many integer solutions (x, y, z) to

xyz = G(x,y).

There are finitely many integer solutions (x, y, z) to

xyz=x>tx+y>+ty—1.

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

7/32



Section 1.of 4
The Mordell-Schinzel program over Z

“ "

For any nonconstant G € Z[x, y], there are infinitely many integer solutions (x, y, z) to

xyz = G(x,y).

There are finitely many integer solutions (x, y, z) to

xyz=x>tx+y>+ty—1.

e Proved by Mordell 1952 for G(x,y) =x3 +y3 +1

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

7/32



Section 1.of 4
The Mordell-Schinzel program over Z

“ "

For any nonconstant G € Z[x, y], there are infinitely many integer solutions (x, y, z) to

xyz = G(x,y).

There are finitely many integer solutions (x, y, z) to

xyz=x>tx+y>+ty—1.

e Proved by Mordell 1952 for G(x,y) =x3 +y3 +1
e Claimed by Mordell 1952 (without details) for any nonconstant G € Zlx, y]

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

7/32



Section 1.of 4
The Mordell-Schinzel program over Z

“ "

For any nonconstant G € Z[x, y], there are infinitely many integer solutions (x, y, z) to

xyz = G(x,y).

There are finitely many integer solutions (x, y, z) to

xyz=x>tx+y>+ty—1.

e Proved by Mordell 1952 for G(x,y) =x3 +y3 +1
e Claimed by Mordell 1952 (without details) for any nonconstant G € Zlx, y]
e Quadratic counter-examples by Jacobsthal 1939, Barnes 1953, and Mills 1954

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

7/32



The Mordell-Schinzel program over Z
For any nonconstant G € Z[x, y], there are infinitely many integer solutions (x, y, z) to

xyz = G(x,y).

There are finitely many integer solutions (x, y, z) to

xyz=x>tx+y>+ty—1.

Proved by Mordell 1952 for G(x,y) = x3 +y3 +1

Claimed by Mordell 1952 (without details) for any nonconstant G € Zlx, y]
Quadratic counter-examples by Jacobsthal 1939, Barnes 1953, and Mills 1954
Some cases salvaged by Schinzel 2015, Schinzel 2018, and Kollar-Li 2024

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

7/32



The Mordell-Schinzel program over Z
For any nonconstant G € Z[x, y], there are infinitely many integer solutions (x, y, z) to

xyz = G(x,y).

There are finitely many integer solutions (x, y, z) to

xyz=x>tx+y>+ty—1.

Proved by Mordell 1952 for G(x,y) = x3 +y3 +1

Claimed by Mordell 1952 (without details) for any nonconstant G € Zlx, y]
Quadratic counter-examples by Jacobsthal 1939, Barnes 1953, and Mills 1954
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For any G € Z[x, y] with deg, G > 3 and deg, G > 3, there are infinitely many integer solutions (x, y, z) to:

xyz = G(xy).
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The fundamental result in Diophantine geometry about rational points:

Let X be a smooth projective curve of genus g.
e If g =0, then #X(Q) =0 or co.
e If g =1, then X(Q) is a finitely-generated abelian group.
e If g > 2, then X(Q) is finite.
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Sharp except B, & Dy)

Let X be a smooth projective curve of genus g. A Helght bound
e If g =0, then #X(Q) =0 or co. An Fn+2
e If g =1, then X(Q) is a finitely-generated abelian group. (n+1)2 (n—2)
e If g > 2, then X(Q) is finite. B 2
C F,
The fundamental result in Diophantine geometry about integral points: n 2";—1
n
D, 272
Let X be a smooth affine curve of genus g. Es 307
e If g > 1 or X(C) has three points at co, then X(Z) is finite. E, 135503
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oyl . Xl
Step 1: x| := o

{X1)X2} = {Xllyx2}

Robin Zhang (MIT) Finiteness or infinitude of positive integral points

René 25 13/32



Cluster algebras Section 2 of 4

Cluster algebras

Simplified notion

A cluster algebra A C Q(x1,...,xn) is a commutative ring

whose generators (“cluster variables” xl.m) are constructed following combinatorial rules (“mutation matrix” B)

oyl . Xl
Step 1: x| := o

{X1)X2} = {Xllyx2}

1+x] x1+x0+1

Step 2: xj = =

X2 X1X2
{x e} = X%}

Robin Zhang (MIT)

0

Example with A C Q(x1,x2) and B = (71

Finiteness or infinitude of positive integral points

1
0

)

René 25

13/32



Cluster algebras Section 2 of 4

Cluster algebras

Simplified notion
A cluster algebra A C Q(xi,..

.y Xpn) is a commutative ring
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+1 x+1
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A=17]

X1,X2,X1,X2,X1 !XZ y X1y Xo

=7

X1y X2y

-1 0

g "1
yoeoe

xx+1 x1+x+1 x3+1

) )
X1 X1X2 X2

The cluster algebra A has 5 cluster variables.

In particular, it is of finite type Ay with C = ( 2 71 .
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Let A be a cluster algebra of type A with n x n generalized Cartan matrix C = (¢; ;).

For each i € {1,..., n}, consider the polynomial

i—1 n

e e

fci=xiyi — I |XJ Dt — I | X € Llxay .y Xy Y1, Vil
=1 j=it1

Define the affine variety Y1(A) := {fc ; = 0} to be the vanishing locus.
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A modular variety

Let A be a cluster algebra of type A with n x n generalized Cartan matrix C = (¢; ;).

For each i € {1,..., n}, consider the polynomial

i—1 n 0 q q
O S — I | =Gl _ —¢j,i An affine variety is of cluster algebra type
fe,i =i 24 % .ulxj € 2ty e ey i ¥ty ey ol A if it is isomorphic to Spec (A) over C.
Jj= j=i

Define the affine variety Y1(A) := {fc ; = 0} to be the vanishing locus.

e There is an isomorphism Y7 (A) = Spec (A) over C.
e There is a bijection
Y1 (A)(N) «— {friezes of type A over N}.
A frieze is a Z-algebra homomorphism that sends the generators to positive integers
A——— 7
cluster variables —— N

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25 14 /32



Friezes: Doric orders to point counting Section 3 of 4

General picture of the talk

Dynkin friezes F

Caldero—Chapoton

4 Assem—Reutenauer—Smith
, Finiteness of of
! positive integral points X(N)
! +
Positivity of entropy of
*arithmetic dynamical systems (X, )

Classification of

Robin Zhang (MIT)

Classification of ™« .

Fopr{in—Zelevinsky
—
cluster algebras A °,

Finiteness or infinitude of positive integral points

Classification of
generalized Cartan matrices C

Killing—Cartan

Classification of
simple Lie groups G

2

René 25 15/32



Friezes: Doric orders to point counting [SIISElelRCReI ]

Doric friezes

Figure: A Doric frieze (c. 437 BCE) from the Parthenon in Athens
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Figure: A Doric frieze (c. 437 BCE) from the Parthenon in Nashville
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(Slightly less) classical friezes: pentagramma mirificum

A “frieze pattern” is an array of positive integers with an SL> unimodular rule.

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25 18 /32



Friezes: Doric orders to point counting Section 3 of 4

(Slightly less) classical friezes: pentagramma mirificum

A “frieze pattern” is an array of positive integers with an SL> unimodular rule.

Example (n = 2 rows)

has all diamonds

Cc

satisfy the unimodular relation ad — bc = 1.

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

18/32



Friezes: Doric orders to point counting Section 3 of 4

(Slightly less) classical friezes: pentagramma mirificum

A “frieze pattern” is an array of positive integers with an SL> unimodular rule.

Example (n = 2 rows)

has all diamonds

C

satisfy the unimodular relation ad — bc = 1.

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

19/32



Friezes: Doric orders to point counting Section 3 of 4

(Slightly less) classical friezes: pentagramma mirificum
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(Slightly less) classical friezes: pentagramma mirificum

A “frieze pattern” is an array of positive integers with an SL> unimodular rule.

Example (n = 2 rows)

All friezes with 2 rows are periodic.

has all diamonds

C

satisfy the unimodular relation ad — bc = 1.
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(Slightly less) classical friezes: Coxeter friezes

A “frieze pattern” is an array of positive integers with an SL> unimodular rule.

A general Coxeter frieze

All friezes with 2 rows are periodic.

1 1 1 1
.. X1,1 X1,2 X1,3 e
X2,0 X211 X22 X23
. X3,0 X3,1 X3,2 N
X4,—1 X4,0 Xa,1 X4,2
cee Xn,—2 Xn,—1 Xn,0 Xn,1 ce
... 1 1 1 ..
such that all diamonds
b
a d
c

satisfy the unimodular relation ad — bc = 1.
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A “frieze pattern” is an array of positive integers with an SL> unimodular rule.

A general Coxeter frieze
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e X4,—1 X4,0 Xa,1 X4,2 ..
[P Xn,—2 Xn,—1 Xn,0 Xn,1 .o
e 1 1 1 .
such that all diamonds
b
a d
c

satisfy the unimodular relation ad — bc = 1.
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All friezes with 2 rows are periodic.

All friezes with n rows are periodic.

1 (2n+2
There are ~m ( e

friezes with n rows.
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Dynkin friezes

A “frieze pattern” is an array of positive integers with an SLy unimodular rule.

Caldero—Chapoton 2006: equivalently, a homomorphism A — Z for any Dynkin type
generators — N
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Dynkin friezes

A “frieze pattern” is an array of positive integers with an SLy unimodular rule.
Caldero—Chapoton 2006: equivalently, a homomorphism A — Z for any Dynkin type
generators — N
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Dynkin friezes

A “frieze pattern” is an array of positive integers with an SLy unimodular rule.

Caldero—Chapoton 2006: equivalently, a homomorphism A — Z for any Dynkin type

generators — N

Example of a Dynkin frieze of type Eg

16 18 21 18 16 18
7 13 13 7 7

3 5 8 5 3 5
2 3 3 2 2

1 1 1 1 1 1

All diamonds a b d and eg i satisfy ad —bc=1and ei —fgh=1.
h

c
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A “frieze pattern” is an array of positive integers with an SLy unimodular rule.
Caldero—Chapoton 2006: equivalently, a homomorphism A — Z for any Dynkin type
generators — N
Dynkin diagram for Eg
Example of a Dynkin frieze of type Eg

®
1 1 1 1 1 1 ... —CO—@—-G—-6—D—G@

16 18 21 18 16 13 ... Question: Are there finitely many
7 13 13 7 7 L. friezes for each Dynkin diagram?
3 5 8 5 3 5 ...
2 3 3 2 2 . Answer: Yes, if and only if it is a

finite Dynkin type!

All diamonds a b d and eg i satisfy ad —bc=1and ei —fgh=1.
h
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A “frieze pattern” is an array of positive integers with an SLy unimodular rule.

Caldero—Chapoton 2006: equivalently, a homomorphism A — Z for any Dynkin type
generators — N

Dynkin diagram for Eg

@
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If A'is an infinite type, then there are infinitely many friezes of type A.
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A “frieze pattern” is an array of positive integers with an SLy unimodular rule.

Caldero—Chapoton 2006: equivalently, a homomorphism A — Z for any Dynkin type
generators — N

Dynkin diagram for Eg

@
ORORORORORORO,

If A'is an infinite type, then there are infinitely many friezes of type A.

Idea: Fomin—Zelevinsky classification of cluster algebras + unitary friezes
(generator +— 1)
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Dynkin friezes

A “frieze pattern” is an array of positive integers with an SLy unimodular rule.

Caldero—Chapoton 2006: equivalently, a homomorphism A — Z for any Dynkin type

generators — N

If A'is an infinite type, then there are infinitely many friezes of type A.

Idea: Fomin—Zelevinsky classification of cluster algebras + unitary friezes
(generator +— 1)

If A'is a finite type, then there are finitely many friezes of type A.
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Answer: Yes, if and only if it is a
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Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type?
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Friezes: Doric orders to point counti Section 3 of 4

Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type?

Robin Zhang (MIT

Answer:
Type Number of friezes Proof
1 2042
An (G Conway—Coxeter 1973
ni2\n41
V) 2
20— m? 41
Bn ( nomeE ) Fontaine-Plamondon 2016
n
m=1
2n )
G () Fontaine-Plamondon 2016
n
i 2n—m—1y | Morier-Genoud-Ovsienko-Tabachnikov 2012
Dn Z: dm(*" ") Fontaine—Plamondon 2016
foes
Es 868 Cuntz—Plamondon 2021
E ?
E ?
F 112 Cuntz-Plamondon 2021
G 9 Fontaine-Plamondon 2016
Infinite o Morier-Genoud 2012

Finiteness or infinitude of positive integral points
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Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type?

Answer:

Type Number of friezes Proof
An 1 > (2":12) Conway—Coxeter 1973
. ni2\n
There are exactly 4400 and 26952 friezes of type E7 and Eg.
WE L,
Bn (2" m H) Fontaine-Plamondon 2016
"
m=1
2n )
G () Fontaine-Plamondon 2016
n
i 2n—m—1y | Morier-Genoud-Ovsienko-Tabachnikov 2012
Dn Z: dm(*" ") Fontaine—Plamondon 2016
-
Es 868 Cuntz—Plamondon 2021
E ?
E ?
F 112 Cuntz-Plamondon 2021
G 9 Fontaine-Plamondon 2016
Infinite o Morier-Genoud 2012
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Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type?

Answer:

Type Number of friezes Proof

A 1 > (2":12) Conway—Coxeter 1973
. ni2\n
There are exactly 4400 and 26952 friezes of type E7 and Es.
WY an - m? 41
Bn ( ) Fontaine-Plamondon 2016
"
m=1
2m .
G () Fontaine-Plamondon 2016
n
u 2n—m—1 Morier-Genoud—Ovsienko—Tabachnikov 2012
Dn Z: am(*" ") Fontaine—Plamondon 2016
foes
Es 868 Cuntz-Plamondon 2021
E7 4400 Z. 2025
Eg 26952 Z. 2025
Fa 112 Cuntz-Plamondon 2021
Gy 9 Fontaine-Plamondon 2016
Infinite 00 Morier-Genoud 2012

Robin Zhang (MIT
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Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type?
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Proof sketch for Eg:
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Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type? Answer:
Type Number of friezes Proof
) A 1 > (2" *12) Conway—Coxeter 1973
There are exactly 4400 and 26952 friezes of type E7 and Eg. nt2int
WA o,
B (2" : H) Fontaine-Plamondon 2016
Proof sketch for Eg: m=l
. . . 2n .
e de Saint Germain—Huang—Lu 2023: frieze F < xg € Y1(A)(N) G () Fontaine-Plamondon 2016
e Horizontal translation of F induces a T € Aut(Y1(A)) D " im) (27— M =1\ | Morier-Genoud-Ovsienko-Tabachnikov 2012
) ) g mzﬂ (") Fontaine—Plamondon 2016
e Define Yp(A) = Y1(A)/t and look at the orbit O<(xg) € Yo(A)(N) =
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e de Saint Germain—Huang—Lu 2023: frieze F < xg € Y1(A)(N)
e Horizontal translation of F induces a T € Aut(Y1(A))
e Define Yp(A) = Y1(A)/t and look at the orbit O<(xg) € Yo(A)(N)
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Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type? Answer:
Type Number of friezes Proof
) A ! (2"4r 2) Conway—Coxeter 1973
There are exactly 4400 and 26952 friezes of type E7 and Eg. nt2inil
VAHL 2
B by (2"7: + 1) Fontaine-Plamondon 2016
Proof sketch for Eg: el
e de Saint Germain—Huang—Lu 2023: frieze F < xg € Y1(A)(N) G (znn) Fontaine-Plamondon 2016
e Horizontal translation of F induces a T € Aut(Y1(A)) D id( ](Zn—mfl) Morier-Genoud-Ovsienko-Tabachnikov 2012
. . = M m Fontaine-Plamondon 2016
e Define Yp(A) = Y1(A)/t and look at the orbit O<(xg) € Yo(A)(N)
, Lusztig-Tits 1992: C1 € Myxn(N) for A of finite type ko 868 Cuntz-Plamondon 2021
Muller 2023: C - O+(xg) € [0,1)"
E; 4400 Z. 2025
= O<(xg) = C"HC - O(xg)) is bounded by C~1(1,...,1)
~ 10890 for F Es 26952 2. 2025
e Yo(A)N{xi=1}= YO(A/) for smaller types A F 112 Cuntz-Plamondon 2021
Gy 9 Fontaine-Plamondon 2016
Infinite 00 Morier-Genoud 2012
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There are exactly 4400 and 26952 friezes of type E7 and Es.
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Horizontal translation of F induces a T € Aut(Y:1(A))
Define Yp(A) = Y1(A)/T and look at the orbit O+(xg) € Yp(A)(N)

Lusztig-Tits 1992: C~1 € Myxn(N) for A of finite type
Muller 2023: C - O+(xg) € [0,1)"

= O<(xg) = C"HC - O(xg)) is bounded by C~1(1,...,1)
~2 10800 for Eg
Yo(A) N{x; = 1} = Yy(A’) for smaller types A’

= improved explicit bound assuming all coordinates > 2

Robin Zhang (MIT) Finiteness or infinitude of positive integral points
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Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type?

There are exactly 4400 and 26952 friezes of type E7 and Es.
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Lusztig-Tits 1992: C~1 € Myxn(N) for A of finite type
Muller 2023: C - O+(xg) € [0,1)"

= O<(xg) = C"HC - O(xg)) is bounded by C~1(1,...,1)
~2 10800 for Eg
Yo(A) N{x; = 1} = Yy(A’) for smaller types A’
= improved explicit bound assuming all coordinates > 2

C++/CUDA search for Yp(Eg)(N) with one coordinate < 1.7 - 1010
with 1000 x86 CPU cores and 64 V100 GPUs for 3 days

Robin Zhang (MIT) Finiteness or infinitude of positive integral points
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Enumeration of Dynkin friezes

Question: How many friezes are there for each Dynkin type?

There are exactly 4400 and 26952 friezes of type E7 and Es.

Proof sketch for Eg:

de Saint Germain—Huang—Lu 2023: frieze F < xg € Y1(A)(N)
Horizontal translation of F induces a T € Aut(Y:1(A))
Define Yp(A) = Y1(A)/T and look at the orbit O+(xg) € Yp(A)(N)

Lusztig-Tits 1992: C~1 € Myxn(N) for A of finite type
Muller 2023: C - O+(xg) € [0,1)"

= O<(xg) = C"HC - O(xg)) is bounded by C~1(1,...,1)
~2 10800 for Eg
Yo(A) N{x; = 1} = Yy(A’) for smaller types A’
= improved explicit bound assuming all coordinates > 2

C++/CUDA search for Yp(Eg)(N) with one coordinate < 1.7 - 1010
with 1000 x86 CPU cores and 64 V100 GPUs for 3 days

Corollary: new proof of frieze counts for any Dynkin type

Robin Zhang (MIT) Finiteness or infinitude of positive integral points

Answer:
Type Number of friezes Proof
1 2042
A (G Conway—Coxeter 1973
ni2\n41
V) 2
20— m? 41
B ( nomeE ) Fontaine-Plamondon 2016
n
m=1
2n )
G () Fontaine-Plamondon 2016
n
i 2n—m—1y | Morier-Genoud-Ovsienko-Tabachnikov 2012
Dn Z] dm(*" ") Fontaine—Plamondon 2016
foes
Es 868 Cuntz—Plamondon 2021
E 4400 7. 2025
E 26052 7. 2025
F 112 Cuntz-Plamondon 2021
G 9 Fontaine-Plamondon 2016
Infinite 58 Morier-Genoud 2012
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T
Dynkin friezes over integral domains

Question
What about other number/finite/function fields or rings of integers?
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Friezes: Doric orders to point counting Section 3 of 4

Dynkin friezes over integral domains

Question Frieze patterns over R
What about other number/finite/function fields or rings of integers? An array x;j € R with an SL; rule.
Equivalent: a homomorphism A — R.
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Friezes: Doric orders to point counting Section 3 of 4

Dynkin friezes over integral domains

Question Frieze patterns over R
What about other number/finite/function fields or rings of integers? An array x;j € R with an SL; rule.

Equivalent: a homomorphism A — R.

e There is an isomorphism Y7 (A) = Spec (A) over C.
e There is a bijection Y1(A)(R) «— {friezes of type A over R} for any integral domain R.
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Section 3 of 4
Dynkin friezes over integral domains

Question Frieze patterns over R
What about other number/finite/function fields or rings of integers? An array x;j € R with an SL; rule.

Equivalent: a homomorphism A — R.

e There is an isomorphism Y7 (A) = Spec (A) over C.
e There is a bijection Y1(A)(R) «— {friezes of type A over R} for any integral domain R.

n—+2
qzi_zl if nis even,
n+3 n+l
(g 2 712)(q 2 —1)
n+3 4 71n+1
(g 2 —1)(q 2 —1)
q?—1

#{Friezes of type Eg over Fq} = q6 +q*+ q3 aF q2 +1,

#{Friezes of type A, over Fq} = if nis odd and char(Fq) > 2,

+ anH if nis odd and char(Fq) = 2,

#{Friezes of type Eg over Fq} = P+ +P+q+ P +¢%+1,
#{Friezes of type F4 over Fg} = gt +q* +1.

Ap case proved combinatorially by Morier-Genoud 2021 and Short—van Son—Zabolotskii 2025.
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Entropy: dichotomy to trichotomy STl RN

General picture of the talk

Dynkin friezes F

Caldero—Chapoton

4 Assem—Reutenauer—Smith
, Finiteness of of
! positive integral points X(N)
! +
Positivity of entropy of
*arithmetic dynamical systems (X, )

Classification of

Robin Zhang (MIT)

Classification of ™« .

Fopr{in—Zelevinsky
—
cluster algebras A °,

Finiteness or infinitude of positive integral points

Classification of
generalized Cartan matrices C

Killing—Cartan

Classification of
simple Lie groups G

2
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S
Positivity of entropy

The finiteness/infinitude of X (N) realizes the Lie-theoretic dichotomy

finite type infinite type
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S
Positivity of entropy

The finiteness/infinitude of X (N) realizes the Lie-theoretic dichotomy

finite type infinite type

N

finite type affine type wild type

but there is a Lie-theoretic trichotomy!

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

29/32



S
Positivity of entropy

The finiteness/infinitude of X (N) realizes the Lie-theoretic dichotomy

finite type infinite type

N

finite type affine type wild type
but there is a Lie-theoretic trichotomy!

A Diophantine realization of the trichotomy occurs in arithmetic dynamics.

Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25

29/32



S
Positivity of entropy

The finiteness/infinitude of X (N) realizes the Lie-theoretic dichotomy

finite type infinite type

N

finite type affine type wild type
but there is a Lie-theoretic trichotomy!

A Diophantine realization of the trichotomy occurs in arithmetic dynamics.
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A Period of T
An n+3
B, n+1
Cn n+1
D, n
Es 14
E; 10
Es 16
Fy 7
Go 4
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S
Positivity of entropy

The finiteness/infinitude of X (N) realizes the Lie-theoretic dichotomy

finite type infinite type

N

finite type affine type wild type
but there is a Lie-theoretic trichotomy!

A Diophantine realization of the trichotomy occurs in arithmetic dynamics.

The algebraic entropy of ¢ : X — X is haje () == limp—eo % log deg(d").
(or log dynamical degree)
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S
Positivity of entropy

The finiteness/infinitude of X (N) realizes the Lie-theoretic dichotomy

finite type infinite type

N

finite type affine type wild type

but there is a Lie-theoretic trichotomy!

A Diophantine realization of the trichotomy occurs in arithmetic dynamics.

The algebraic entropy of ¢ : X — X is haje () == limp—eo % log deg(d").
(or log dynamical degree)

There is a dynamical system (X, 1) on each affine variety of cluster type A such that

e if A is of finite or affine type, then h,j(T) =0,
o if Ais of wild type, then h,(T) > 0.

Robin Zhang (MIT Finiteness or infinitude of positive integral points
g

A Period of T
An n+3
B, n+1
Cn n+1
D, n
Es 14
E; 10
Es 16
Fy 7
Go 4
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S0
A finite example
Example (Type G2)

Gy has generalized Cartan matrix (E 73)

with tp =1
and Dynkin diagram

——o

1 2
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S0
A finite example
Example (Type G2)

Gy has generalized Cartan matrix (E 73)

with tp =1
and Dynkin diagram

——o

1 2

A cluster variety of type Gy is the surface

X = {(X11X2)X3,X4) S (C4

— 3
x1x3 = x5 +1 4
xoxqg =x1+ 1 C A

with #X(N) =9 and #X(Z) = oo.
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S0
A finite example
Example (Type G2)

Gy has generalized Cartan matrix (E 73)

with tp =1
and Dynkin diagram X T X

3 3 3 3 2.3
x5+1 x5+x1+1 (x5 +x1+1)7+x7 x;
% x>—>(2 2T Lo txa+1) 12,X2>

The associated dynamical system

1 2 a0 e 0 B3 06+1)

A cluster variety of type Gy is the surface

X = {(X11X2)X3,X4) S (C4

— 3
x1x3 = x5 +1 4
xoxqg =x1+ 1 C Ac

with #X(N) =9 and #X(Z) = oo.
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S0
A finite example

Example (Type G2)

Gy h lized Cart wix (23
2 has generalized Lartan matrix { ;5 The associated dynamical system
with tp =1
and Dynkin diagram X T X
3 3 3 3,23
x3+1 x5 Hxi+l (65 +xi+1)7+x7 x5
—=9 X ( R TR o (VIR

has entropy hyig(T) =0,

A cluster variety of type Gy is the surface 2 fixed point, and two 4-cycles in X(N):

— 3 3,2,3,2 1,1,2,2 1,2,9,2
xi= by m e 0t |9 78 i g, 3 292
(2,3,14,1) (9,5,14,2)
with #X(N) =9 and #X(Z) = oo. 1T T I T
(14,5,9,3) (14,3,2,5)
b I
(9,2,1,5) (2,1,1,3)
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Entropy: dichotomy to trichotomy STl RN

A wild example

Example (A rank-2 wild type)

Let A have generalized Cartan matrix (31 _25)

with tp = —1
and Dynkin diagram
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Entropy: dichotomy to trichotomy STl RN

A wild example

Example (A rank-2 wild type)

Let A have generalized Cartan matrix (31 _25)

with tp = —1
and Dynkin diagram

A cluster variety of type A is the surface

X = {(Xl,X2,X3>X4) ect

_ 5
x1x3 =x3 +1 4
xoxg = x1 +1 C Ay

with #X(N) = oo.

Robin Zhang (MIT) Finiteness or infinitude of positive integral points
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Entropy: dichotomy to trichotomy STl RN

A wild example

The associated dynamical system
Example (A rank-2 wild type)

. . (2 -5 X x X
Let A have generalized Cartan matrix 1 9
5 5 5 5 4 5
with tp = —1 x N X2+1’ % +X1+1’ (X2+4X15+1% x5 X0
and Dynkin diagram X1 x1x2 X3 (63 +1)

A cluster variety of type A is the surface

X = {(Xl,X2,X3>X4) ect

_ 5
x1x3 =x3 +1 4
xoxg = x1 +1 C Ay

with #X(N) = oo.
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Entropy: dichotomy to trichotomy STl RN

A wild example

Example (A rank-2 wild type)

Let A have generalized Cartan matrix (31 _25)

with tp = —1
and Dynkin diagram

A cluster variety of type A is the surface

— 4
X = {(XI)XZyX3>X4) eC xoxa = x1 + 1 C»

X1X3 :X25+1} Al

with #X(N) = oo.

Robin Zhang (MIT)

The associated dynamical system

X s X
x x25+1 x§’+x1+1 (x25+x1+1)5+xfx§
x1 ) oxaxp xfxir’(x25+l) » X2

has entropy haig(T) = log(3+2\/g) ~ 0.96

and wandering orbits in X (N):

(1,1,2,2) (1,2,33,1)
T T
(2,3,122,1) (33,17, 43026,2)
T T
(122,41, 949641, 3) (43026, 2531, 2,17)

+T ~T

(949641, 23162, ...,...) (2.4-10%,95-108,...,...)
~T ~T

(7.0-10%,3.0-10%,...,...) (3.3-10%2,3.4-10%,...,...)
T T

(3.6-10%,1.2-10%,...,...) (1.4-108,42.10%,...,..)
~T ~T

Finiteness or infinitude of positive integral points René 25 31/32



Entropy: dichotomy to trichotomy STl RN

The trichotomy in Lie theory, algebra, number theory, and dynamics

A Finite type Infinite type (affine) | Infinite type (wild)
Generalized Cartan matrix ta + 0 —
Lie group Simple Lie group Kac—Moody group Kac—Moody group
Kac—Moody / Lie algebra f.d. oco-dim. oo-dim.
Cluster algebra f.g. oo-gen. oco-gen.
Diophantine solutions X(N) Finite oo oo
Algebraic entropy of T 0 0 +
Robin Zhang (MIT) Finiteness or infinitude of positive integral points René 25 32/32
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